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In this supplementary material, we provide additional details for several points mentioned in the

main text.

I. RESONANT TUNNELLING IN
COMPOSITIONALLY-DISORDERED METALLIC
CNT NETWORKS

In the main text, we compare the inter-tube conduc-
tance for a system with no external potential to that
with a resonant external potential for all metallic pairs
of CNTs in the diameter range 1.2 — 1.6 nm. Where
both CNTs are chiral, we present results for CNTs with
the opposite handedness. In Fig. S1, we present equiv-
alent data where the two CNTs have the same hand-
edness showing quantitatively equivalent results. In all
cases, the inter-tube conductances are lower due to the
greater registry mismatch between the two graphene lat-
tices; for sufficient contact interaction length for incom-
mensurate CNTs this relative handedness effect will di-
minish as the irrational unit cell length ratio removes any
pseudo-alignment of the graphene lattices.

In Figs. S2 and S3 we present results for all pairs
of metallic CNTSs irrespective of relative handedness.
In Fig. S2, we show the relative improvement in inter-
tube conductance, defined as the ratio of the maxi-
mum improvement at resonance to the intrinsic inter-
tube conductance, as a function of the difference in chi-
ral angle. For CNTs with similar chiral angles, there
is no improvement in the inter-tube conductance as
energy-momentum-conserving tunnelling can occur at
first-order, and hence the contribution is already large
without an external potential. For CNTs with chiral an-
gles differing by more than 3°, there is an improvement
by up to two orders of magnitude due to the momentum-
resonant external potential.

In Fig. S3 we compare the intrinsic inter-tube conduc-
tance (with Viy = 0) to the maximum enhanced conduc-
tance. Where the intrinsic conductance is suppressed,
there is a large improvement; for large intrinsic inter-
tube conductances, the improvement is much smaller and
is largely a result of resonant back-scattering (see below)
and not a result of the second-order mechanism discussed
in the main text.

In Fig. S4 we show a histogram of the momentum ex-
changes at resonance. For each CNT pair, we consider
all peaks and not just that which gives the maximum
improvement. Three histograms are shown giving the
number of resonances in each momentum-exchange in-
terval that improve the inter-tube conductance by a fac-

tor of at least 2, 5, and 10 respectively. As the resonant
momentum-exchanges are distributed fairly evenly over
the range considered we conclude that, to improve con-
ductance between many different CN'T pairs, the external
potential should contain a wide selection of long-range
Fourier components.

II. CHIRALITY HANDEDNESS DEPENDENCE
OF RESONANT MOMENTUM EXCHANGES

Where both CNTs are chiral, the relative handedness
of the CNTs may be the same or opposite. Chem-
ically, the situations are identical as the densities of
states are the same, as are the spatial distributions of
the eigenstates (albeit with opposite handedness). The
momentum-resonance mechanism predicts, however, that
these two situations are different as the graphene Bril-
louin zones are rotated in the opposite(same) direction
for opposite(same) handedness. This gives rise to dif-
ferent momentum differences between Dirac points, and
hence different resonant momentum exchanges. This
is confirmed in Fig. S5 where we show the inter-tube
conductance at the Fermi energy as a function of mo-
mentum exchange for both relative handedness for the
(19,1)/(14,8) CNT pair, when they have the same and
opposite handedness.

III. ENERGY DEPENDENCE OF INTER-TUBE
SCATTERING

In the main text, we discuss the transmission spectrum
as a function of energy in the presence of a resonant ex-
ternal potential. Indexing the leads as in Fig. 1 of the
main text, transmission between leads 1 and 3 requires
the coupling of states travelling forward in CNT 1, and
backward in CNT 2, corresponding to coupling bands
with opposite Fermi velocities.

In Fig. S6 we compare the transmission spectra with
and without the external potential as a function of mo-
mentum exchange for a (9,0)/(5,5) CNT pair. In the
absence of the external potential, two peaks (with side
lobes) exist at ~ +0.70 ¢V, corresponding to energies
where the two CNT dispersion relations cross. At these
energies, momentum conserving tunnelling can occur at
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FIG. S1. As Fig. 3, with CNTs of same handedness. The inter-tube conductance between all pairs of metallic CNTs in the
diameter range 1.2 — 1.6 nm. Left: intrinsic conductance Vexy = 0; right: maximum enhanced conductance (Vex; resonant).
The CNTs are ordered by increasing chiral angle and labelled by the (n,m) chiral indices.
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FIG. S2. The improvement in the inter-tube conductance as
a function of the difference in CNT chiral angles. The im-
provement is defined as the ratio of the maximum inter-tube
conductance when the external potential is at momentum res-
onance to the intrinsic conductance.

first order, and conductance is not suppressed. This is
discussed in Ref. 1. Due to the linear dispersion rela-
tions around the Fermi energy, for CNTs with different
chiralities these peaks are guaranteed to lie away from
the (un-doped) Fermi energy and will therefore generally
not contribute to inter-tube conductance.

In the presence of an external potential that is sightly
off-resonance, additional peaks appear in the transmis-
sion due to the second-order mechanism that we discuss
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FIG. S3. A comparison of the inter-tube conductance at the
Fermi energy. The intrinsic conductance is without external
potential; the enhanced conductance is the maximum inter-
tube conductance when the external potential is at momen-
tum resonance. Points that lie above the dashed line represent
CNT pairs in which the conductance is enhanced with respect
to the intrinsic conductance. The points are colour-coded by
the difference in CNT chiral angle.

in the main text. These peaks correspond to tunnelling
between states that are separated by this momentum ex-
change, but do not lie at the Fermi energy, as indicated
in the inset to Fig. S6. As the momentum exchange ap-
proaches resonance, these additional peaks move towards
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FIG. S4. The fraction of the 382 CNT pairs studied that
have a given momentum resonance that increases inter-tube
conductivity by a factor of at least: 2 (empty red), 5 (blue)
and 10 (filled black).
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FIG. S5. The inter-tube conductance between the
(19,1)/(14,8) CNT pair as a function of momentum exchange.
Top panel: same handedness; bottom panel: opposite hand-
edness.

the Fermi energy.

IV. RESONANT BACK-SCATTERING

Back-scattering by potentials varying on length-scales
larger than the carbon-carbon bond-length has been
shown to be vanishing for metallic CNTs.? To put this
into the context of this work, we consider the intra-tube
conductance corresponding, for example, to transmission
from lead 1 to lead 2 (Fig. 1). In Fig. S7 we show the
intra-tube conductance at the Fermi energy as a func-
tion of momentum exchange for the (18,0)/(10,10) CNT
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FIG. S6. Main: the transmission between leads 1 and 3 for
the (9,0)/(5,5) CNT pair as a function of electron energy for
Ve = 0 (solid black), off-resonance Ak = 0.78 At (long-
dashed red) and at resonance Ak = 0.85 A™! (short-dashed
blue). The Fermi energy is zero. Inset: the projection of
the dispersion relations onto the axial momentum axis. The
states involved in scattering for Ak = 0.78 A~! are shown by
the arrows.

pair. For most momentum exchanges, there is no notice-
able decrease in transmission, in agreement with Ref. 2;
for three momentum exchanges, sharp dips in the con-
ductance appear. The momentum exchange of these fea-
tures correspond precisely to the momentum difference
between different Dirac points belonging to the same
CNT. This is shown in the inset to Fig. S7. At these mo-
mentum exchanges, these states can mix causing strong
back-scattering, greatly reducing the intra-tube conduc-
tance. As a result of this mixing and the local change
in the conducting states/density of states, the inter-tube
conductance may also be modified, as shown in Fig. S8.
This improvement is not a consequence of the second or-
der mechanism presented in the main text, but rather
to the relative decrease in the intra-tube conductance as
a result of back-scattering. Mixing between states away
from the Fermi energy but at the same Dirac point is for-
bidden by the orthogonality of the subbands, preventing
back-scattering for small momentum exchanges.

Scattering between states at the same Dirac point is
not forbidden in semiconductor CNTs as the states be-
long to the same subband. Therefore, for small mo-
mentum exchanges, there is a strong intra-tube back-
scattering as shown in Fig. S9.

Additional peaks exist for momentum exchanges larger
than the maximum exchange Akpax considered in the
main text. These processes involve scattering between
Dirac points outside the first graphene Brillouin zone.
For incommensurate CNTs, these Dirac points are not
equivalent to those in the principle Brillouin zone as the
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FIG. S7. The intra-tube conductance for the (10,10)/(18,0)
CNT pair. The inset shows the Dirac points involved in the
resonant back-scattering processes.
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FIG. S8. The inter-tube conductance between the
(10,10)/(13,4) CNT pair. In addition to the peaks arising
due to the second-order mechanism discussed in the main
text, two additional peaks at Ak ~ 1.7 A~! and 3.4 A~! are
present due to resonant back-scattering in the (10,10) CNT.
The dashed lines give the positions of these back-scatterings.
Although the improvement in the inter-tube conductance
is greater here, the intra-tube conductance is strongly sup-
pressed in the (10,10) CNT.

combined CNTs have no overall periodicity.

V. RESONANCE IN SEMICONDUCTOR CNTS

The momentum resonance occurs not only between
metallic CNTs, but also semiconductor CNTs. In Fig. S9
we show the lead 1 to lead 4 inter-tube conductance be-
tween the (20,0)/(14,7) CNT pair at E = 0.4 eV. The
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FIG. S9. Black line: the conductance between leads 1 and 4
at E = 0.4 eV for the (20,0)/(14,7) CNT pair. Long-dash
red /short-dash blue lines: intra-tube conductance for (20, 0)
and (14,7) CNTs.
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FIG. S10. The transmission spectrum between leads 1 and 4
for the (20,0)/(14,7) CNT pair. Solid black line: Vexy = 0;
dotted lines: Ak increasing from 1.06 A=! (long-dashed, red)
to resonance at 1.12 A~! (dot-dashed, magenta) in steps of
0.02 A™"

peaks in conductance correspond to momentum-resonant
tunnelling. For semiconductor CNTs with similar di-
ameter, the band gap and electron/hole effective masses
are similar. Consequently, conduction/valence bands be-
come aligned and the same momentum exchange can im-
prove inter-tube conductance over a wide energy range.
This is shown for transmission between leads 1 and 4
in Fig. S10. At the valence/conduction band edge, the
improvement is further enhanced by the large density of
states at the van Hove singularities.
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FIG. S11. Dependence of inter-tube conductance on exter-
nal potential amplitude V5. The CNT pair is (9,0)/(5,5),
with external potential at resonant momentum transfer Ak =
0.85 A~!. Shown is the additional conductance with the in-
trinsic contribution subtracted. The line segment corresponds
to a quadratic dependence AG ~ VZ. The change in the den-
sity of states (DOS) at the Fermi energy is also given as a
percentage of the DOS at the Fermi level in the absence of
the external potential.

VI. SCALING RELATIONS OF THE
SCATTERING MECHANISM

The second-order momentum-resonant mechanism
presented in Eqn. (4) in the main text is expected to
follow specific scaling relations. Firstly, the scattering
rate depends quadratically on the amplitude of the ex-
ternal potential V. This is indeed found to be the case
as shown in Fig. S11. For sufficiently large interaction
strength, scattering becomes non-perturbative and the
inter-tube conductance greatly decreases. The density of
states at the Fermi level is also strongly modified, result-
ing in increased back-scattering (not shown).

Secondly, the scattering rate depends on the square
of the tunnelling matrix element, e.g. (m|Hr|). In
Ref. 1, it was shown that this matrix element oscil-
lates as a function of the contact region length L where
momentum-conservation is not satisfied, a consequence of
interference, and that at momentum resonance it grows
linearly with L, giving a quadratic dependence on the
inter-tube scattering rate.

Both these effects are observed, as shown in Fig. S12.
Where momentum resonance is satisfied, the inter-tube
conductance is a sum of the momentum-resonant second-
order term that grows quadratically, and an oscillatory
interference term due to the contribution arising at first
order.
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FIG. S12. The length dependence of the inter-tube conduc-
tance at the Fermi energy for (9,0)/(5,5) CNT pair for three
momentum transfers 0.45 A~%, 0.63 A%, 0.85 A1, For res-
onant momenta exchanges (0.63 A~*, 0.85 A~!), the conduc-
tance grows as the square of the interaction length G ~ L?;
away from resonance (0.45 A~') the length dependence is os-
cillatory due to interference. The dotted lines give quadratic
fits to the resonant curves to guide the eye.

VII. CALCULATING THE TRANSMISSION
SPECTRUM

The transmission spectrum is calculated via a Green’s
function method.? The retarded Green’s function at en-
ergy F is calculated via matrix inversion of the system
Hamiltonian

G (E)=[(E+in)—H-3%]"

(s1)
with the semi-infinite leads taken into account through
the self energies 3 (FE), calculated using the iterative ap-
proach of Lopez-Sancho et al.,* and 7 is an infinitesimal
energy set at 3 x 107% eV. Instabilities at the Fermi
energy are avoided by calculating the transmission at
Er+0.01 eV.

The ballistic transmission probability from lead « to 8
is calculated using the Caroli formula

Tosp(E) = tr(ToaGr(E)T 3G (E)) (S2)

with T, = i(X4—X! ) and G, = G} the advanced Green’s
function.

The damping of the intrinsic interaction Hamiltonian
and external potential are achieved using the damping
function of Ref. 1:

tag = t(ra,rg) X fa(za; L, L) fa(zg; L, Le)  (S3)
V;:xt(r) — V;:xt(r) X fd(za La LC) (84)

with

1

fa(z; L, Le) = [(e# B/ Ee 1) (e7*/Ee - 1)] 7. (S5)



This introduces a contact length-scale L. over which the
intrinsic and external interactions activate. We choose
L. = 5 A which is larger than the inter-tube separation
(3.4 A) and therefore is not the dominant source of mo-
mentum relaxation, and has negligible effect on the inter-
tube conductance.!

A benefit of the second-order mechanism presented in
the main text is that it does not need to modify the con-
tact region of the CNTs. The model external potential
used in the tight-binding calculations does not directly

couple the CNTs, however it does exist within this con-
tact region. We have verified that our conclusions do not
change if the potential is present only in regions localised
away from the contact region in the x-y plane, with the
same periodic form along the axial z direction.

The form of the external potential used in the nu-
merical model allows only axial momentum exchange.
The azimuthal momentum difference between the Dirac
points involved in scattering is not conserved as rota-
tional symmetry is broken by the side-by-side geometry
of the CNTs.
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