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ABSTRACT
Conventional methods for atomistic simulations based on density-functional theory (DFT), such as the planewave pseudopotential approach, have had an immense
impact on the way in which material properties are studied. In spite of this success, the system-size accessible to
such techniques is limited because the algorithms scale
with the cube of the number of atoms. The quest to
bring to bear the predictive power of DFT calculations
on ever larger systems has resulted in much recent interest in linear-scaling methods for DFT simulations. To
this end we present an overview of onetep (Order-N
Total Energy Package), our linear-scaling method based
on a plane-wave basis set, which is able to achieve the
same accuracy and convergence rate as the conventional
plane-wave DFT approach. The novel features of our
method which result in its success are described and results of calculations on titanium oxide clusters from the
onetep parallel code are presented.
Keywords: linear scaling, order-n, density functional,
electronic structure, large-scale simulation

scales only linearly with system-size [6] and which enable researchers to bring to bear the predictive power of
density-functional calculations on truly nano-scale systems.
At first sight the extended nature of plane-waves
makes them unsuitable for representing the localised
orbitals of linear-scaling methods. This is why other
approaches have focussed on using localised basis sets
instead, for example Gaussians [7], numerical atomic
orbitals [8, 9], spherical waves [10], B-splines [11] and
grids [12, 13].
In spite of this, we have developed onetep (OrderN Electronic Total Energy Package) [14, 15], a linearscaling method based on plane-waves which overcomes
the above difficulty and which is able to achieve the same
accuracy and convergence rate as traditional O(N 3 ) PW
calculations.
The remainder of this paper is organised as follows:
in Section 2 the theoretical background to the formulation of linear-scaling methods, and in particular onetep,
is presented; Section 3 contains results and discussion on
titanium oxide clusters designed to represent surfaces.

2
1

INTRODUCTION

Density-functional theory (DFT) [1, 2] has made an
impact on a broad range of scientific disciplines over
the past decade, from condensed matter to the earth
sciences to biochemistry. A number of reasons have
resulted in the plane-wave (PW) pseudopotential approach [3, 4] becoming one of the methods of choice for
simulations based on DFT. For example, with a planewave basis set: the kinetic energy operator is diagonal
in momentum space; quantities are switched efficiently
between real space and momentum space using fastFourier transforms; the atomic forces are calculated by
straightforward application of the Hellmann-Feynman
theorem; the completeness of the basis is controlled systematically with a single parameter.
The resulting simulations require a computational
effort which scales as the cube of the system-size [5],
which makes the cost of large-scale calculations prohibitive. For this reason there has been much interest in developing methods whose computational cost

THEORETICAL BACKGROUND

In the Kohn-Sham DFT method [1, 2], the manybody Schrödinger equation for a system of N interacting
electrons is mapped onto N one-body equations describing a system of non-interacting particles, in an effective
potential Veff , which has the same ground state density as the original interacting problem. For simplicity
of notation we consider Γ-point sampling and a spinunpolarised system:


1 2
ĤKS ψi (r) = − ∇ + Veff [n](r) ψi (r) = εi ψi (r), (1)
2
n(r) = 2

X

fi |ψi (r)|2 ,

(2)

i

where ĤKS is the Kohn-Sham effective Hamiltonian and
i is the band index of the Bloch eigenstate ψi with associated eigenvalue εi and occupancy fi (which must be
either zero or one at zero temperature). The factor of 2
in the electronic density n(r) takes account of spin degeneracy. As the effective potential Veff is dependent on

the Kohn-Sham eigenstates ψi through the electron density n(r), the above system of equations must be solved
self-consistently.
The delocalised nature of the Bloch states ψi and
the requirement that they are all mutually orthogonal,
hψi |ψj i = δij , result in the N 3 bottleneck in conventional PW pseudopotential approaches.
An equivalent description of the system may be given
in terms of the single-particle density matrix:
ρ(r, r′ ) =

X

fi ψi (r)ψi∗ (r′ ).

(3)

i

The density n(r) is given by the diagonal elements of the
density matrix: n(r) = 2ρ(r, r), and the total energy of
the non-interacting system is
E0 = 2

X

fi εi = Tr[ρ̂ĤKS ],

(4)

i

to which may be applied the usual double-counting corrections for the Hartree and exchange-correlation terms
in order to obtain the total energy of the interacting
system.

2.1

Linear-Scaling Methods

Linear-scaling methods exploit the “nearsightedness”
[16, 17] inherent in quantum many-body systems by exploiting the localisation of Wannier functions [18–21] or
the density matrix [22, 23]. In practice, this is done by
expressing the density matrix in the following separable
form [24, 25]:
ρ(r, r′ ) =

X

φα (r)K αβ φβ (r′ ),

(5)

αβ

where {K αβ } are the elements of the density kernel [24]
and {φα } are a set of non-orthogonal generalised Wannier functions [26] (NGWFs) which span both the occupied space and part of the unoccupied manifold. The orthogonality condition on the Bloch states together with
the Pauli exclusion principle for the filling of states are
manifested in the idempotency condition on the density
matrix, ρ2 = ρ.
Linear-scaling is achieved by imposing two spatial
cut-offs: first, the NGWFs are truncated such that they
are localised within spherical regions of fixed radii {rα };
second, elements of the density kernel K αβ corresponding to NGWFs whose centers are separated by more
than a fixed value rK are neglected. Imposing these
spatial cut-offs reduces the information content of the
density matrix to linear-scaling with system-size. The
values of the cut-offs {rα } and rK are treated as variational parameters with respect to which the calculation
of physical properties must be converged.

2.2

The ONETEP Method

Most linear-scaling methods fall into one of two categories: those in which the total energy functional is minimised with respect to the elements of the density kernel
while using a fixed, and usually large, set of localised orbitals [7, 27, 28]; and those, such as onetep [14, 15], in
which both the density kernel and NGWFs are optimised [11, 13, 14].
Optimising the NGWFs in situ, rather than using a
fixed set, gives greater accuracy but comes at an extra
computational cost, though there is a saving in that a
minimal set of NGWFs may be used while maintaining
transferability.
In onetep minimisation of the total energy functional proceeds as two nested loops: in the inner loop the
density kernel is optimised using a combination of the
density matrix minimisation method of Li, Nunes and
Vanderbilt [29,30] and the penalty functional method of
Haynes and Payne [31]; in the outer loop the NGWFs
are optimised and this is discussed below. The procedure is iterated until self-consistency is acheived.
In order to perform the optimisation of the NGWFs
it is necessary to expand them in some underlying set
of basis functions. In onetep these are chosen to be
periodic cardinal sine (psinc) functions [32]. They are
related to plane-waves by a Fourier transform and therefore, while being localised, they inherit their orthogonality, the systematic control of accuracy with a single
parameter, and the ability to use fast Fourier transforms
(FFTs) to switch quantities efficiently between real and
reciprocal space.
Linear-scaling is obtained by exploiting the strict localisation of the NGWFs by performing FFT operations
within a box whose size depends only on the radii of
the NGWFs, and is hence independent of system-size.
This “FFT box” technique has been demonstrated to
be a very accurate approximation [33]. The FFT box
also gives an indication of the likely cross-over point,
i.e., the system-size at which the linear-scaling method
is faster than traditional methods. Both onetep and
the conventional PW approach invest a large fraction
of the total computational effort in performing FFTs.
In the case of onetep these are nearly all done in the
FFT box, whereas conventionally they are all done in
the whole simulation cell. The FFT box of onetep is
typically 20 × 20 × 20 Å3 and its dimensions do not
vary much with the size or nature of the system. The
size of the FFT box corresponds to the volume occupied
by a few hundred atoms in a solid, but the cross-over
is far more favourable for less densely-packed systems
such as biological molecules, nanotubes or systems involving surfaces. Furthermore, with a conventional PW
code vacuum requires the same level of description as regions where atomic binding occurs. However in onetep,
where there are no atoms there are no FFT boxes and

a saving is made. This can reduce the cross-over by an
order of magnitude for isolated molecules, clusters and
polymers.
Finally, we use a preconditioning scheme [32] that
ensures that the number of self-consistent iterations required to reach convergence is independent of systemsize, resulting in an overall computational cost for the
whole calculation that scales with N .

matrix. The convergence in practice is not smooth but
occurs in jumps as particular matrix elements are included when the cut-off matches the distance between
the relevant atoms. In this system, the total energy is
converged to 10−3 eV per atom for a kernel cut-off of
8 Å.
d

3

TITANIUM OXIDE CLUSTERS

Within the PW pseudopotential framework, surfaces
can be modelled in periodic supercells as infinite slabs
with the proviso that one must ensure that there is
enough vacuum region perpendicular to the surface to
avoid spurious interactions with slabs in neighbouring
supercells. As our method uses a psinc basis that is
equivalent to plane-waves, this option is also possible
with onetep. The alternative, however, is to model
surfaces as isolated clusters, surrounded by large vacuum regions in all directions. This would be very computationally expensive for a conventional PW code but,
because of the strict loalisation of the NGWFs, such systems may be studied with onetep with little additional
cost.
We have performed calculations on clusters ranging
in size from ten to 200 atoms. We have used normconserving pseudopotentials [34] in separable form [35],
a local density approximation [36, 37] for the exchange
and correlation functional and an 800 eV cut-off for the
psinc basis set. Four NGWFs were associated with each
titanium and oxygen atom and the NGWF radii were
all set to 3.175 Å.
-3.6132

?

Figure 2: The system used to study the interaction of a
CO molecule with a Ti3 O6 cluster.

In order to assess the accuracy of onetep in determining physical properties such as binding energies,
the interaction of a carbon monoxide molecule with a
small Ti3 O6 cluster was studied. The results are compared with calculations on the same system performed
with the castep code [38], a conventional cubic-scaling
PW pseudopotential DFT code. Equivalent basis set
cut-offs and identical pseudopotentials were used. The
only difference between the calculations was the use of a
12 × 12 × 12 Å3 cell for castep but a 26 × 26 × 26 Å3 cell
for onetep. Table 1 shows the energies obtained from
two configurations illustrated in Fig. 2. The difference
in the total energies calculated by onetep and castep
is about 0.4 eV per atom but is mostly accounted for
by the variational restriction originating from the truncation radii chosen for the NGWFs. When the energy
differences between two configurations are compared the
agreement between onetep and castep is excellent:
better than 1 meV per atom.

4

Total energy (10 eV)

-3.6134

6

-3.6136

Table 1: The total energy E for a CO molecule located
at a distance d from a Ti3 O6 cluster, calculated with
onetep and castep. ∆E is the energy difference between the two confgurations.
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Figure 1: Convergence of the total energy of a Ti38 O76
cluster with respect to the density kernel cut-off.

Fig. 1 shows how the total energy of a Ti38 O76 cluster
converges as the density kernel cut-off is increased. The
trend line shown is a best fit to an exponential decay
which reflects the expected behaviour of the density-

Finally the linear-scaling of onetep is demonstrated
in Fig. 3. The time per iteration (on a Sun Fire V40z
server with four 2.2 GHz single-core Opteron CPUs)
scales linearly with system-size in accord with results
on other systems [14]. The number of iterations fluctuated by up to 20% but did not change systematically
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Figure 3: Scaling of computational time per iteration
against number of atoms in the TiO2 cluster.
with system-size.
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